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                       Abstract. The differential cross  section for the inelastic magnetic scattering of                           
                           neutrons by superconducting rings is derived theoretically taking account of the   
                           interaction of the neutron magnetic moment  with magnetic  field created by the  
                           superconducting current. In  this  scattering process  the neutron  kinetic energy  
                           increases discretely  and, respectively, the number  of the magnetic flux quanta   
                           trapped in the  ring, reduces. Quantitative calculations  of  the  scattering  cross  
                           section  for  cold  neutrons  is  carried  out  for     thin film  rings  from   type-II  
                           superconductors  with  the  film  thickness (  is the penetration depth). λ<d λ
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1. Introduction 
The magnetic interaction of neutrons with a scatterer is understood the interaction of the magnetic 
field generated by neutron, with currents of electronic transitions in target atoms. This interaction can 
also be presented in the completely identical form of the interaction of the neutron magnetic moment 
with the magnetic field created by the electronic currents of the scatterer atoms [1]. Various channels 
of the magnetic scattering of neutrons by solid and liquid targets were studied [2-4]. However, the 
interaction of neutrons with magnetic fields of superconducting rings, to our knowledge, has not 
previously been investigated. 
Due to this inelastic scattering process, the macroscopic quantum state of the superconducting 
condensate in the ring can be changed by single neutron.  To explain this process, consider a 
superconducting ring with a current , where Ф  is the magnetic induction flux trapped in m
the ring,  is the number of the superconducting flux quanta (fluxoids),  0/ФФm m= e
h
20
=Ф  is the 
fluxoid and  is the ring self-inductance. The superconducting current defined by the initial L
condensate wave function ψ  in the ring, creates the magnetic field. The neutron magnetic moment m
L
ФJ mm =
 
1 
interacts with this field. Because the total energy of the superconducting ring  in the state 2mEm ∝
mψ , the kinetic energy of neutron can change only discretely depending on the final number  of the 1m
magnetic flux quanta trapped in the ring. This inelastic scattering process must be accompanied by a 
transition of the superconducting condensate from the initial state  ψ  to its final state ψ . m 1m
S11 ;p
In this paper we address this problem and derive a theoretical expression for the inelastic magnetic 
scattering of neutrons by superconducting rings. The temperature of the ring is assumed to be small as 
compared with  T  of the superconductor. c
 
2. Hamiltonian of the system  
The Hamiltonian of the system neutron – superconducting ring is: 
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 where  is the creation (destruction) operator of the m - state of the superconducting )( mm aa
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condensate in the ring; ε , and   are, respectively, the initial  energy,  wave vector and spin of the p p S
neutron,  are the final wave vector and spin of  the neutron. The third term on the right side of 
(1) is the matrix element of the interaction operator of neutron with the magnetic field of the 
superconducting ring, which has the form:  
11,Sp
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where ;  is the nuclear magneton;  is the neutron spin operator;  is the operator 93.1−=γ SˆNµ )(ˆ nrB
of the magnetic induction created by the ring current  at the radius-vector of the neutron r ,:  n
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and  is the current density operator in the superconducting ring.  jˆ
Below we use the cylindrical coordinates ( ) with the z-axis perpendicular to the plane of the ϕρ ,,z
ring, and assume that the initial wave vector  of the neutron is directed along the axis. Then the p −z
scattering cross section is independent from the polar angle ϕ  due to the symmetry of the ring. In the 
first approximation of the Born scattering theory, the double differential cross section studied the 
inelastic process, is:                          
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Here 
ρ
εε
111 2
2
1
pp
n zm
p +==pε is   the final energy of the neutron,   is the neutron mass,   is the 
normalizing volume of the neutron wave functions. 
nm nΩ
Using functions of the plane waves, it is easy to calculate the matrix element of (2) over the initial 
state of the neutron pψ  and its final state 1pψ . As a result, we obtain: 
                                        [ qrpppp rjrqSr i
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N
n edq
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where  is the momentum transfer.   1ppq −=
Using the well-known expression for the current density operator, its matrix element is written as:  
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where  is the mass of the Cooper pair with its charge equal to ,  is the operator of the vector 
potential, which can be defined as: 
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For the superconducting ring . Then the matrix elements of the operator (5) taken ϕρ ij ),(11 zjmmmm =
over the condensate wave functions of the initial ψ   and final ψ states in the ring, are given by: m 1m
                                              [ qiSr qrpp ,ˆ),(2ˆ 111 20 ϕρµγµ imm
n
Nmm ezjd
q
i ∫Ω=/ ]V .                                           (7) 
Now we consider the matrix elements of (7) over the spin variables of neutron. For polarized neutrons 
we obtain: 
                                                    [ ] )cos(
2
1|,ˆ| qq ϕϕαα ρϕ −−>=< qiS , 
                                                    [ ] )cos(
2
1|,ˆ| qq ϕϕββ ρϕ −>=< qiS                                                   (8) 
for the scattering without the spin flip process, and  
                                                            [ ] ϕϕ αβ izeq21|,ˆ| >=< qiS     
                                                            [ ] ϕϕ βα izeq −>=< 21|,ˆ| qiS                                                     (9)   
with the spin flip. Here ϕ  is the polar angle of the scattering vector ,  |  and  are the spin 
functions with  equal to  and , respectively.  
q q >α >β|
zS 2/1+ 2/1−
Substituting (8) and (9)-(11) in (4), the double differential cross section is reduced to the form:                       
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where ,  2)( ρqqF =
                                                                                            (11)   qrrq iqmmmm ezjdj )cos(),()( 11 ϕϕρ −= ∫
 for the scattering without the spin flip process,  and , 2)( zqqF =
                                                                                                           (12) ϕρ iimmmm ezjdj ±∫= qrrq ),()( 11
 with the spin flip.  
Formula (10) is a general expression for the inelastic scattering cross section of neutrons by 
superconducting rings. To analyze (10), the off-diagonal matrix elements of the operator of the 
superconducting current density in the ring are required. 
Investigations of the current distributions corresponded to the diagonal matrix elements of the current 
density operator, in superconducting rings are known [5,6]. Typically, these results were obtained by 
numerical methods. However, these approaches do not allow clearly to analyze the dependence of the 
scattering cross section on the parameters of the superconductor, ring, and neutron energy. Below we 
consider a thin-film ring from the type-II superconductor, for which analytical expressions for the off-
diagonal matrix elements of the superconducting current density can easily be obtained.  
 
3. Off-diagonal matrix elements   
Consider a rectangular cross-section ring from the type-II superconductor. The thickness of the ring 
obeys  (where λ  is the London magnetic penetration depth), its inner radius   and outer λ<d λ>>a
radius . In the cylindrical coordinates ( ) the ring is in the region − . We ab >> ϕρ ,,z 2/2/ dzd ≤≤
assume that the magnetic field in the ring is weak as compared with of the superconductor. 1cH
To find the magnetic induction in the ring, we use the London equation: . Since the ring BB 2−=∆ λ
thickness , the z-dependence of the magnetic induction can be neglected, and because of  the λ<d
circular symmetry, the magnetic field  does not depend on the polar angle ϕ . The solution of the 
London equation is searched in the form: . As a result, for each component of 
the field we have the equation:  
ρρ ρρ iiB )()( BB zz +=
                                                                  t ,                                                         (13) 02'''2 =−+ BttBB ttt
where . In general, the solution of Eq. (13) is expressed in terms of the modified Bessel λρ /=t
functions  and . The function  increases exponentially with . Since the )/( λρoI )/( λρoK )/( λρoI ρ
outer radius of the ring ,  the field at the outer surface of the ring can be neglected. Then, from ab >>
Eq. (13) we obtain: 
                                                                ,                                                      (14) zmz KB iB )/()( 0 λρρ =
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where  is a function of the  quantum number . The current density in the ring ( ) is mB m Bj rot
1
0
−= µ
determined only by the component of the magnetic induction. Using (14), we have:                                              −z
                                                               ϕλρλµρ ij )/()( 10
KBmm = .                                                     (15) 
Quantization of the magnetic flux trapped in the ring, allows to find . Indeed, using (15), the 
superconducting current , where the integration is taken over the cross section of the ring, 
is: 
mB
∫= Sj dJ mm
                                        )/(0
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Since the current (16) creates the magnetic induction flux , we obtain:                                     mФФm 0=
                        
                                                                 m
adLK
ФBm )/(0
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λ
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where the quantum number   is restricted by m
                                                      
0
1
max Ф
dLHmm c=< . 
The current distribution (15) can be regarded as the diagonal elements of the current density operator 
taken over the condensate wave function ψ ,: . The expression (6)  allows to determine m mmm ψψ jj ˆ*=
the off-diagonal matrix elements by the symmetric form: 
                                             ( ) ( )(exp
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mmmmmmmm ФФi −+== jjjj ψψ ) ,                                   (18)   
 
where  Ф  is the phase of the condensate wave function ψ . ϕmm = m
In the London theory, the energy of the ring which is composed of the magnetic energy and the kinetic 
energy of the current, is equal to: 
                                                     220 2
1
mm LJmEE == ,                                                         (19)   
where the characteristic energy of the ring: 
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4. The cross section 
Substituting (15) and (17) in (18) and, then, using the definition of  (11), for the neutron 
scattering without the spin flip process we derive:                                                                                   
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where ,  is  an insignificant factor, modulus  of which is equal 
to 1, and 
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Here  is the Bessel function. )(
1
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Using the same way and the definition (12), for the neutron scattering with the spin flip process we 
obtain:                                                       
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Here the  sings correspond with the signs in expressions (9).  ±
According to (21) and (23), a characteristic change of the component of the scattering wave vector −z
d
ppq zz
π2
1 ≈−= . For the rings with the thickness  d  that is half as large of typical values of 
0
310 A≈
the penetration depth ( ), even for cold neutrons with the energy 1  the wave vector 
0
310*2 A=λ эВµ
d
p π2>> . In fact, (21) and (23) predict the conservation of the component of the wave vector of −z
the neutron. Therefore, in (21) and (23) we can use the replacement: 
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Taking into account (10) and (25), we conclude that the neutron scattering with the spin flip process is 
suppressed, and the inelastic scattering ( m ) must be accompanied by the appearance of the 
transverse momentum of the neutron.  
1m≠
Using (19)-(22) and (25) and integrating (10) over the energy ε , the total cross section for the 
ρ1p
neutron scattering without the spin flip process is given by:  
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where the function T  (22) is determined at q  with  the transverse momentum of the 
scattered neutron 
nsf ρρ 1p=
                                                     ( 2/1212011 2)( mmEmmp n −= hρ ) .                                                 (27) 
This momentum depends on the final number m  of the magnetic flux quanta trapped in the ring.   1
The integral on the right side of (22) is easily calculated. Since the ring radius , the asymptote 
of the modified Bessel functions  [7] can be used.  Further, the minimum 
λ>>a
xexxK −−≅ 2/11,0 2533.1)(
value of the argument of the Bessel functions  is . For macroscopic rings   and, 
1mmJ − p ρ1 a 11 >>ap ρ
consequently, the asymptotic expansion of the Bessel functions for large argument [7] can be applied. 
As a result, we obtain:  
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where )
2
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2 1
−−= mmπϕ . Substituting (28) in (26), finally, for the cross section we have:  
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5. Numerical values of the cross sections 
From (14) and (16) we find that the component of the self-inductance of the ring due to the magnetic 
flux through the region of the superconductor is:  
                          a
d
Lr
λπµ02= .                                                               (30)  
Using the above asymptote of the modified Bessel functions  in (15) and (16), the component of 1,0K
self-inductance due to the magnetic flux through the hole of the ring in the plane ( | ) is 0z 2/|0 dz ≤
given by:  
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where α  and .  The total self-inductance of the ring is .   λ2/)2( 0zd ±=± λβ /a= hr LLL +=
Note that for the rings with  mm and  the self-inductance (31) depends weakly from . 
Thus, for any values  of   the relative change of  is less then 10 . 
1≥a λ<d 0z
0z hL
3−
Introducing the dimensionless coefficient LLr /4
1 2γξ = , the cross section (29)  is reduced to the form: 
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where is the partial cross section for the final state of the neutron - superconducting ring 
system with the neutron  energy  equal to  and the number of fluxoids reduced by 
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Here  
                                           barn
pm
e
pn
p ε
µε 8778.0)( 0
2
0 ==σ ,                                                                               
and the neutron energy ε  is taken in eV.   p
According to (27) and (32), the partial cross section σ . Therefore, the smaller the 2/30−∝ Ep
characteristic energy of the ring , the greater the cross section.  The ring radius dependences of the 0E
characteristic energy   (20) and  total self-inductance L (30) - (31) are shown in Fig. 1. In the 0E
calculations we used the penetration depth  that is typical for type-II superconductors 
0
310*2 A=λ
such as , V , for  which  G. The self-inductance increases and, consequently, the SnNb3 Ga3 2001 ≈cH
characteristic energy decreases with increasing the ring radius. The dimensionless coefficient ξ  in 
(32) changes weakly, as shown in the inset in Fig. 1. With decreasing the ring thickness these 
dependences become more favorable for increasing the scattering cross section. Therefore we 
conclude that to increase the cross section the thinner ring with larger inner radius should be used.  
For macroscopic rings with the radii mm the phase of the harmonic functions in (32) is very 1≥a
large, . With small changing the ring radius the partial cross section (32) πϕρ >>>−)( 11 map
oscillates. For example, the characteristic scale of these oscillations is 
0
65 Aa =∆ π 11 .1)1(/ mmp ≅−=ρ  at the characteristic energy meV corresponding to the 0731.00 =E
ring with mm and , as shown in Fig. 1, and the number .  5=a =d 3/λ 51=m
Of course, the real rings can be characterized by the mean radius and its standard deviation. 
Then, the scattering cross section should be averaged over the radius distribution. Assuming that 
roughness of the ring inner surface is much larger the oscillation scale, we have: 
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Fig. 1. Inner radius dependences of the characteristic energy  and the self-inductance    of the 0E L
superconducting ring for the penetration depth λ . The solid curves corresponds to the ring thickness 0310*2 A=
2/λ=d , the dashed curves - . Inset: Inner radius dependence of the dimensionless coefficient  in 3/λ=d ξ
(32). The same notations are used. 
 
In (33) there is the restriction on the number of fluxoids trapped in the ring, as discussed above. For 
the superconducting ring with mm,  and G we obtain m . 5=a 3/λ=d 2001 =cH 6max 10*8.1=< m
The averaged cross section 
                                                                                                            (34) ∑−
=
><>=< 1
1
1
1
)(
m
m
p mσσ
as a function of  the initial number of fluxoids in the superconducting rings with  three different radii 
is shown in Fig. 2. Obviously, the cross section increases with increasing the ring inner radius as is 
also with decreasing the number of fluxoids.  A good approximation of the fluxoid number 
dependence of the cross section is < . Thus, to increase the inelastic scattering cross-2/1−>∝ mσ
section, the superconducting rings with relatively small numbers of magnetic flux quanta should be 
used. 
The inset in Fig. 2 demonstrates the partial cross sections for the ring with a mm,   and 10= 3/λ=d
51=m . The main contribution to the total cross section is given by the channel  that 11 −= mm
corresponds to the destruction of the one magnetic flux quantum in the superconducting ring and the 
neutron energy equal to  after the scattering process. Also the channel  for pEm ε+− 0)12( 21 −= mm
which the two magnetic flux quanta are destroyed in the superconducting ring and the neutron kinetic 
energy is increased by 4 , is significant.   0)1( Em −
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Fig. 2.  The averaged cross section, (34), as a function of the initial number of fluxoids trapped in the 
superconducting rings, for three different inner radii: 1 - mm, 2 - mm and 3 - mm. Inset: 
The partial cross-sections, (33), as a function of the scattering channels. The inner radius of the ring  mm 
5=a 10=a 20=a
a 10=
and the initial number of fluxoids . 51=m
 
The angular distribution of the scattered neutrons does not depend on the polar angle ϕ , and is  
determined only by the discrete azimuthal angle 

 −= pEmmEartgm /)()( 21201θ . The scattered 
neutrons move along the generating lines of conical surfaces. For the results shown in inset in Fig. 2, 
the two surfaces are deserved attention. The first cone defined by the angle θ , corresponds to 050.88=
the scattering channel  for which the neutron energy is equal to 11 −= mm
607.3)( 21
2
01 =+−= pp EmmEE meV after the  scattering, whereas the initial energy of the neutron is 
µ1=pE eV. For the second conical surface defined by the angle θ  and corresponded to the 093.88=
channel m , the neutron energy is equal to meV. That is, for the both channels the 21 −= m 141.71 =pE
wave vector of the scattered neutrons is almost perpendicular to the initial wave vector. 
 
6. Conclusions 
In this paper a theory of inelastic magnetic scattering of neutrons by superconducting rings was 
developed taking account of the interaction of the neutron magnetic moment with magnetic field 
created by the superconducting current. It was shown that the differential cross section for the 
scattering process is defined by the off-diagonal matrix elements taken over the superconducting 
condensate wave functions in the ring, of the current density operator. For the thin-film rings from the 
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type-II superconductors analytical expressions for the off-diagonal matrix elements of the 
superconducting current density were obtained. This is allowed to carry out calculations of the cross-
section for cold neutrons as well as both energy and angle distributions of the scattered neutrons. We 
concluded that to increase the cross section, the thinner rings with larger inner radii and relatively 
small numbers of magnetic flux quanta trapped in the ring, should be used. These presented results we 
hope will stimulate experimental activity. 
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